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In this paper we analyse the importance of a detailed description of the electronic transitions
in ultra-small nanoparticles through the optical response to very small changes of size in systems,
whose dimensions are in the subnanometric scale. We present a carefully calculation of the optical
response of these systems by using the exact eigen-energies and wave functions for nanospheres
with diameter smaller than 10nm, to obtain the dielectric function under different conditions of
confinement. The aim is to use the so obtained dielectric function to present the absorption spectra
of one electron confined in a sphere in two cases: 1) infinite confinement and 2) finite confinement,
in which, the value of the wells depth is carefully calculated after adjusting the number of atoms
that composed each sphere, so that the energies and dipole matrix elements give a more accurate
information of the optical response. Moreover, we extend the calculation of this dielectric function
for obtaining the optical constants needed to find the plasmon frequency, throught a numerical
method of finite elements that solves the Maxwells equations, in order to obtain the enhancement of
the near electric field. We show an interesting behavior for particles sizes less than 10 nm, finding
that the variation induced in the eigen-energies, through slight size changes in the particle, provides
significant variations in the optical response of these nanoparticles. This effect, can be observed in
the optical absorption spectra and in the localized surface plasmon energies as confirmed in recent
observation of plasmonic phenomena at the subnanometer to atomic scale.
I. INTRODUCTION
In the past few years, attention has focused on
nanoparticles composed of noble metals, because they
show localized excitations near the surface that are orig-
inated from the free electrons of the metal,1–4 which are
collective oscillations of the conduction band electrons
in the terahertz regime5–7, so-called plasmons. Since the
possible applications in this range are extremely interest-
ing, such as cancer therapy8, nanophotonic devices9–11,
biosensing12 up to catalysis13,14, there has been consid-
erable progress understanding the underlying physics
through experimental and theoretical research of small
particles properties.15–17 Particularly, the collective
excitations known as localized surface plasmons (LSP)
are subject of analysis because they enable strong optical
absorption and scattering in subwavelength structures.
These properties depend on the nanoparticles material,
size, shape, and the refraction index of the sorrounding
material18–21. Each one of these parameters is worth
of being studied in order to understand the optical
behavior at the nano-scale.
Most of the calculations assume the Mie model22
because it shows good agreement with experiments in
nanoparticles up to 10nm size23. For smaller particles,
this model achieves poor agreement, and in particular,
when dealing with particles in the size-range of 1−10nm,
the surface starts to become more and more important
compared to the bulk response and thus influences
heavily the collective modes localized at the surface
region. On the other hand, the quantum effects should
be significant24 due to the electrons could be able to
escape of the particle under finite confinement, and
new interesting effects appear for these systems that
are in the subnanometric sizes. Plasmon oscillations
and spill out could balance tourning off the optical
response of the particles, as proponed recently Monreal
et al,25 where they examine electron spill-out effects,
which can move the surface plasma energy both toward
the red or the blue and they can be comparable to or
even stronger than the quantum size effect. However,
their model remains classical in spite of introducing a
semiconductor like gap at the Fermi level. This model
explains the experimental reported red and blue shifts of
the plasmon frequency in very small nanoparticles, but
the subnanometric sizes open the door to understand
them as a pure quantum effect.
Following this idea we propose to analyze the effects
of quantization by presenting an exact calculation of
the dielectric function, compared with less rigurous
approaches and with accurate experiments in order
to examine the optical properties of systems in the
limit of subnanometric size scale. We focus this work
on the quantum description of optical response of
ultra-small spherical nanoparticles, whose diameters are
less than 10nm. We describe the dielectric function of
these systems starting from the assumption that one
electron confined in the nanoparticle only can have
discretized energies and we make carefully calculations
of the allowed electron energies and the corresponding
wave-functions for infinite and finite confinement cases
as function of the particle size (diameter). In both
situations we use the analytical complete eigen-functions
to obtain the dielectric function, which give us confi-
dence in the description of the optical response. We
test our results of the dielectric function through optical
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2absorption and enhancement field factor, which allow us
to compare with recent experimental results26. Starting
from infinite spherical confinement with asymptotic
values for energies and wave functions (Model A) and
exact calculation of both energies and wave functions
(Model B), we examine the effect of the exact values on
the dielectric function for ultra-small particles. These
results are also compared with finite spherical wells
confinement, whose depth is obtained from the number
of atoms in each particle (Model C).
This paper is organized as following, in Sec. II, we
present the main steps to obtain analytically expressions
for the dielectric function within three approximations:
1) infinite confinement as in ref.26 using approximate en-
ergies and asymptotical wave-function, which is labelled
as model A in the rest of the paper; 2) infinite confine-
ment, with exact energies and wave functions for infinite
spherical well, as Model B, and 3) finite confinement us-
ing the exact energies but the wave-function of the infi-
nite well, as Model C. Sec. III is dedicated to the optical
absorption of one particle confined in an spherical well,
where we can compare our results with experiments, and
discuss the differences in absorption coming only from
quantum confinement, when the electrons have to stay
within the particle and when they have a probability of
being outside depending on the particle size with the aim
of seeing the effect on the optical response of these ul-
tra small particles in a wide energy range. In Sec. IV,
we show a reproducible behavior of the plasmon energy
depending on confinement, and finally, in Sec. V, we
compare our results with experiments and the theoreti-
cal model based on the spill out effect.
II. THE DIELECTRIC FUNCTION
When the size of a particle becomes smaller than
10nm, the continuous electronic band of a nanoparticle
breaks up into observable discrete states. Such effects
have been observed in experiments with metallic nano-
particles,26,27 showing a notably difference between the
results obtained in the 10 − 100 nm regime and the
quantum regime (particles below 10 nm of radius).
As a first approximation, to describe the optical re-
sponse of an electron gas in a metal nanoparticle, Genzel
and Martin27 showed a simplified quantum model where
the free electron gas is confined in a cubic potential well
with infinite walls, where the dielectric function of a sin-
gle metal nanoparticle, under the influence of an electro-
magnetic wave with frequency ω and z-polarization, is
given by
(ω) = ∞ +
ω2p
N
∑
i,f
sif (Fi − Ff )
ω2if − ω2 − iωγif
, (1)
with the terms ∞, sif , ωif and γif are respectively, the
interband contribution of core electrons, the oscillator
strenght, the frequencies and the damping for the dipole
transition from an initial state i to another final state
f ; and Fi and Ff are the values of the Fermi-Dirac dis-
tribution function for the initial and final states. The
oscillator strenght sif corresponds to the dipolar form
in the z-direction in terms of the initial |i〉 and final |f〉
states
sif =
2mωif
~
|〈f |z|i〉|2. (2)
where the parameter m = M/N is given in terms of the
mass of electron M and the total number of confined
atoms N . Using different types of confinements, we cal-
culate the eigen functions and energies, within the A, B
and C models described before.28
A. Free electron gas in a spherical infinite well
confinement: Exact solution
We consider an infinite spherical potential well to solve
the Schroedinger equation for one electron, with the ap-
propiate boundary conditions finding a set of wavefunc-
tions of the form30
ψ(r, θ, φ) =
1
|jl+1(αnl)|
√
2
R3
jl
(αnl
R
r
)
Y ml (θ, φ), (3)
where jl represents the spherical Bessel functions, Y
m
l the
standard spherical harmonics, and αnl is the n-th zero of
jl. The eigen-energies En,l of this problem in a quantized
form associated to the l-th spherical Bessel function are
given by
En,l =
~2α2ln
2MR2
. (4)
The oscillator strenght in eq. (2) can be calculated, tak-
ing z = r cos θ in the expression
|〈f |z|i〉| =
∫ 2pi
0
∫ pi
0
∫ R
0
drdθdφr3 sin θ cos θ
×Ψ∗nf ,lf ,mf (r, θ, φ)Ψni,li,mi(r, θ, φ),
(5)
where the angular integral has the form
Iang =
√
(li +mi + 1)(li −mi + 1)
(2li + 1)(2li + 3)
δ∆l,+1
+
√
(li +mi)(li −mi)
(2li + 1)(2li − 1) δ∆l,−1
(6)
and, the radial term,
Irad =
1
|jlf+1(αnf lf )|
1
|jli+1(αnili)|
(
2
R3
)
×
∫ R
0
drjlf
(αnf lf
R
r
)
r3jli
(αnili
R
r
)
.
(7)
3Then, the integral to calculate is simply
|〈f |z|i〉| = Iang × Irad (8)
which is different to zero only for values ∆l = lf−li = ±1.
This description corresponds to our labelled Model B.
B. Free electron gas in a spherical infinite well
confinement: Approximate solution
One way to obtain a simplified solution of the problem
is to use the approximation26
En,l =
~2pi2
8MR2
(2n+ l + 2)2
=
~2
2MR2
[
pi
(
n+
l
2
+ 1
)]2
, (9)
for the eigen-energies, and the asymptotic form for the
wavefunctions30,
jl(x) ≈ 1
x
cos
[
x− pi
2
(l + 1)
]
, (10)
valid only for x l2/2 + l.
n = 0 n = 1 n = 2 n = 3 n = 4
l = 0 376.03 1504.11 3384.25 6016.45 9400.71
376.03 1504.11 3384.25 6016.45 9400.71
l = 1 769.26 2273.77 4530.04 7538.31 1129.86
846.64 2350.18 4606.35 7614.57 11374.9
l = 2 1265.57 3151.57 5785.61 9170.69 13307.4
1504.11 3384.25 6016.45 9400.71 13537.0
l = 3 1860.45 4134.43 7148.86 10912.1 15426.0
2350.18 4606.35 7614.57 11374.9 15887.2
l = 4 2550.93 5219.83 8617.81 12760.9 17653.2
3384.25 6016.45 9400.71 13537.0 18425.4
TABLE I: Comparison between energies given by eq.(4) upper
and by eq.(9) lower in units of meV when R = 1 nm for various
values of l and n.
In Table I, we compare the energies given by eq. (4)
(Model B) and eq. (9) (Model A) for nanoparticles with
R = 1nm, where we observe a good agreement only for
l = 0, and a significant overestimation for l > 0. Be-
sides this, in Figure 1 we show jl(kr) = jl(αlnr/R) and
its asymptotic approximation given by eq. (10) versus
r/R and n = 1. As we can see, the approximate and
the exact Bessel functions are identical for l = 0, but
they differ remarkably for the l = 1, 2, and 3 quantum
numbers. Therefore, we conclude that the use of exact
wave functions (Model A) are needed to give an accurate
description of the optical response in these systems.
FIG. 1: Comparison between jl and its asymptotic approxi-
mation (10) versus r/R for different l’s and n = 1.
C. Quantum finite confinement
Going a step further, we consider a finite spherical con-
finement, which is related with the number of atoms con-
tained in a spherical nanoparticle. We fit a relation de-
rived of ab initio calculations made by He et. al.31, by
taking the number of particles as function of radius as
N(R) ≈ 246R3. (11)
Based on this relation, then we calculate the last occupied
electronic state following the Pauli exclusion principle.
This energy value is defined as the Fermi level and varies
with the nanoparticle radius. To establish the depth of
the well, we consider the work function W (R) for small
metallic nanoparticles following ref.32, which is defined
as the energy required to remove one electron from the
nanoparticle, which is given by
W (R) = 4.37 +
5.4
R(A˚)
, (12)
where the 4.37 value is the average work function for Bulk
Ag (in eV) and 5.4 = 38e
2 is a parameter that accounts
for the difference in the work function for a conducting
plane and a sphere.32 Considering this value, we define
the depth well DW as the sum of the Fermi energy level
FE and W (R) for each nanoparticle radius, which reads
as
DW (R) = −(FE(R) +W (R)). (13)
Using this result, we solve the Schroedinger equation nu-
merically, calculating the eigenvalues for each nanoparti-
cle. In order to obtain the corresponding dielectric func-
tion, we need the oscillator strenght for the allowed tran-
sitions using the wave functions of infinite confinement,
which are needed to obtain the dielectric function as can
be seen in eq. (2). We choose transitions between oc-
cupied states just below the Fermi level and unoccupied
states above the Fermi level, and transitions between the
4unoccupied state just above the Fermi level and occupied
states below the Fermi level, in a wide range (0 − 6eV),
following the selection rule ∆l = ±1, which gives us a
complete information of the allowed electronic transitions
in our systems. We show in Fig. 2, a schematic diagram
that illustrates this assumptions for quantum B and C
Models.
FIG. 2: Schematic diagram illustrating quantum infinite
potential and quantum finite potential, to evaluate the
dipolar contributions in the dielectric function. Here we
show some transitions when the energy levels are quan-
tized.
D. Confinement effects on the optical response
Now, we calculate the dielectric function based on
eq. (1), and present the imaginary part of the dielectric
function for several nanoparticle sizes in Fig. 3. The
continuous black lines, corresponding to the Model A,
show besides the main peak, several possible transition
with smaller intensity, while the dashed lines, Model B,
reduces significantly the number of transitions in the
region of interest, as an effect of the oscillator strenght.
On the other hand, the energy position of the main
peaks is always blue-shifted with respect of Model B for
each radius.
With the aim of examining the trend of the peaks of
energy in the imaginary part of the dielectric function
as function of radius and to compare the results of the
three models we present Fig. 4. While model A predicts
a monotone blue-shift as the particle radius decreases,
whose value achieves almost 2eV for R = 1nm, Models B
and C, show a maximal blue-shift about 1eV. However,
the shifts between consecutive diameters oscillate.
III. ABSORPTION SPECTRA
In this section, we compare the absorption peaks fol-
lowing the three approaches described above. To calcu-
FIG. 3: Imaginary part of the dielectric function for a
silver nanoparticle as function of radius based on Model
A (continuous lines) and Model B (dashed lines).
late the absorption spectra, we use the expression
σext(ω) =
9fω
3/2
m =[(ω)]
c(<[(ω)] + 2m)2 + (=[(ω)])2 , (14)
where f is a fraction of volume in the media, m corre-
sponds to the surrounding media and c the light speed.33
For particles of radius 5nm there is no appreciable differ-
5FIG. 4: Main peak in the imaginary part of the dielec-
tric function for each model used. Squares represent the
Model A, black points Model B and triangles Model C.
ence between the three calculations (see Fig. 5), showing
all of them a peak at 3.3 eV, while for smaller particles we
obtain both red and blue shifts that are coming from the
confinement type. Looking from the top to the bottom
of Fig. 5, the particle radius decreases and Model A (at
the left), show a rather smooth blue-shift while Models
B and C (center and right), present red and blue shifts
alterning as function of the nanoparticle radius.
FIG. 5: Absoption spectra for several particle radius, us-
ing Model A (left), Model B (center) and Model C (right).
We observe oscillations of the maximal absorption for
nanoparticles smaller than 10nm (R = 5nm). The high
dispersion of the experimental EELS measurements26 in
this region also shows big oscillations for particles smaller
than 10nm of diameter. Our predictions are located be-
low the region of experimental error, which can be cor-
rected through the ∞ parameter. The three approxi-
mations are in good agreement to each other and to the
experiment, showing changes of red and blue shifts at the
same particle sizes.
With the aim of testing our three models of dielectric
function related to the localized surface plasmon reso-
nance in silver ultra small nanoparticles, we present in
the next section the enhancement field factor.
IV. ENHANCEMENT OF THE NEAR FIELD
The dielectric function (ω) = <[(ω)] + i=[(ω)] =
1(ω)+i2(ω) following the three models, allows to obtain
three different sets of optical constants: refractive index
η (related with the polarization), and the extinction co-
eficient κ (related with the optical absorption) through
the equations
η2 =
1
2
+
1
2
√
21 + 
2
2 (15)
and
κ =
2
2n
. (16)
These two quantities contain all the optical information
needed in the numerical solution of the Maxwell equa-
tions, in order to predict the enhancement of the near
field as the particle radius is decreasing. To solve the
problem of light-nanoparticle interaction, we solve the
Maxwell equations respect to the intensity of the scat-
tered electric field vector ~E, which is given by
∇× µr
(
∇× ~E
)
− k20
(
r − iσ
ω0
)
~E = 0, (17)
where µr is the relative permeability (taken as = 1 for
metallic systems), r the complex relative permitivity, σ
is the nanoparticle conductivity and k0 = ω
√
0µ0 =
ω
c0
,
with c0, 0 and µ0 the corresponding values of light
velocity, the permeability and permitivity in vacuum,
respectively.
We calculate expressions for the dielectric function de-
pendent of the incident electromagnetic wave frequency
r(ω) as input parameters, which are calculated for each
particle size and confinement potential, to solve the vec-
tor Maxwell equations numerically, by means of a standar
finite elements method (FEM) using the COMSOL Mul-
tiphysics package. We define the enhancement field fac-
tor (EFF) as the norm of the ratio between the scatter
electric near field just in the north pole of the spheri-
cal nanoparticle ~Eout and an incident z-polarized electric
field ~Einc.
EFF =
| ~Eout|2
| ~Einc|2
(18)
The obtained resonances give the frequencies of the
surface local plasmon, and we observe that we obtain
values located at the same energies as the absorption
peaks, which follow the same behavior as discussed
6earlier.
If we look at the field factor for each particle radius in
Fig. 6 from bottom to top, we observe a red-shift for all
particle radius as a whole, depending on the used model.
Comparing Model A with Model B, the change is due to
the dipole matrix elements (oscillator strenght), while
the differences between Model A and Model C are due
to transition energies. Both effects show lower plasmon
energies than the approximate Model A, mantaining the
same parameters in the three models. However, they
show an increasing in the enhancement field factor of
about 4 times (compared with model A). The behaviour
of the plasmon frequency within each model, present
oscillations, that means red and blue shifts alternating.
Finally we present in Fig. 7, another feature that is
FIG. 6: Enhancement Field Factor for a silver nanoparti-
cle as function of radius based on quantum approximate
model (model A)26, infinite exact model (model B) and
finite confinement (model C) of one electron in an spher-
ical particle.
interesting comparing with EELS experiment, which is
the energy width of the region where the oscillations
are detected. In Model A, the width achieves more
than 1.5eV, while for model B and C is only of 1eV.
On the other side, the experimental measurements show
values ranging from 0.8eV, with maximal error bars
for 5 and 3nm diameters, where small changes in the
particle size can give strong shifts, which depend on
the sensitivity to the well depth. It means to the eigen
energies and corresponding oscillator strenghts. As the
particle decreases from 10nm, the enhancement field
factor decreases, indicating a weaker near field because
the number of electrons that can resonate are getting
less and less. However, for this range of nanoparticles
the ratio surface/volume increases considerably, giving
rise to strong dependence on the energy differences and
oscillator strength between them.
In Fig. 7, we show the localized surface plasmon reso-
nance frequency, obtained by the maximum of enhance-
ment field factor for each particle size and we observe
that for particles smaller than 10nm our three models
provide the same behaviour, showing alternating red and
blue shifts as the particles size decreases. In the inset we
present the experimental EELS reported for the plasmon
frequency in the same sizes range obtained by Scholl et.
al.26,in which we can observe error bars of about one
half electronvolts in the energy plasmon spectrum for
nanoparticles about 5nm and 3nm. However, our three
models give plasmon energy values for several particle
sizes, showing in this spectrum, a kind of oscillations, as
the particle size decreases. The confinement effect only
FIG. 7: Plasmon energy as a function of the spherical
nanoparticles diameter. Squares, dots and triangles show
the results when Model A, B and C are used. The inset
present the experimental EELS results obtained by Scholl
et. al. in26.
is important for very small nanoparticles, as expected.
In a recent paper25 is discussed the screening effect on
the surface plasmon compared to quantum size effect for
7ultra small nanoparticles, less than 10nm. They show a
monotone behavior, as result of a balance between size
effect (blue shift) and spill out effect (red shift) based
on pure classical calculation. However, when comparing
with EELS experiments, the big error bars in the region
of interest screen detailed optical response in this region.
Our claim is that there are clear oscillations within the
error bars that can be understood as confinements effects
due to the energy differences and their allowed transi-
tions, which are extremely sensitive to slightly changes
in the nanoparticle size.
V. CONCLUDING REMARKS
We examine the optical response of ultra-small metal
nanoparticles varying their sizes from 10 to 2 nm diame-
ter in steps of 0,5 nm in order to observe the sensitivity
to slight particle size difference. The reason for the
oscillations in optical response is that very small changes
in the energy spectrum induce significant changes in
the allowed electronic transitions. We also compare two
types of confinement, using two sets of wave functions
and we conclude that red shifts in the plasmon energies
are mainly due to the oscillator strenghts, while the
eigen-energies for finite and infinite confinement taken
from the exact zeros of the Bessel functions (Models B
and C) do not influence much the plasmon energies. But
both of them differ considerably from the calculation
based on asymptotic values (Model A).
We have shown that exact quantum calculations,
based on optical response of one electron confined in a
sphere, open a way to understand the optical properties
of ultra-small nano-particles, which is to be completed
with many body effects that surely appear in this region
of particle sizes that limits the nanoscale and enters in
the atomic scale.
In the region beyond nanometric scale, we could find
optical response of nanoparticles strongly dependent on
the change of the size due the changes of the allowed
electronic transitions, within the discrete energy levels
that should be taken into account carefully to under-
stand the plasmon behavior in ultra small nanoparticles
that are compossed of hundreds of atoms.
Other effects that should be taken into account to
understand the optical response of ultra-small nano
particles, undoubtely require microscopic accurate
description such as non local and non lineal effects.
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